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Let F be a field of characteristic p > 0, G a finite p-solvable group, P a 
Sylow p-subgroup of G of order pr, FG the g;oup algebra of G over F, and 
J(FG) the Jacobson radical of FG. Following Wallace [ 191 we write t(G) for 
the least integer t > 1 such that J(FG)’ = 0. We are interested in relations 
between t(G) and the structure of G. Since J(EG) = E @,J(FG) for any 
extension field E of F (cf. [ 12, Proposition 12.1 I I), we may assume that F is 
algebraically closed. Tsushima [ 161 showed t(G) < p”. About four years ago 
Tsushima [ 171 and I [lo] independently proved that t(G) = pr if and only if 
P is cyclic. On the other hand, I [II] verified that for r > 2 the following are 
equivalent: 
(1) t(P)=p’-’ fp- 1. 
(2) p’-’ < t(P) < pr. 
(3) P is noncyclic but has a cyclic subgroup of index p. 
The purpose of the present paper is to generalize the above result for p > 5. 
It can be stated as follows: If p > 5 and if G is a finite p-solvable group with 
a Sylow p-subgroup P of order p’ for r > 2, then the following are 
equivalent: 
(1) t(G)=p’-’ +p- 1. 
(2) p’-’ < t(G) < p”. 
(3) P is noncyclic but has a cyclic subgroup of index p. 
Let B be a block ideal of FG with defect group D of order pd, and let t(B) be 
the least integer t > 1 such that J(B)’ = 0, where J(B) is the Jacobson radical 
of B. By the results of Fong [3, 41, Tsushima [ 16, 171 and myself [lo], we 
know that f(B) < pd and that t(B) = pd if and only if D is cyclic (cf. 
Proposition). In a similar way we easily get as a corollary to our main result 
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that if p > 5, G is a finite p-solvable group and d > 2, then the following are 
equivalent: 
(1) r@)=pd-‘+p- 1. 
(2) pd-’ < r(B) < pd. 
(3) D is noncyclic but has a cyclic subgroup of index p. 
Furthermore, if the above holds, then for any projective indecomposable 
right FG-module Pi in B. we have t(Pi) = t(B) = pd-’ + p - 1 and 
dim,(PiJ” - ‘/PJ”) = dim@ l/J”) . dim,(PJPJ) 
for n = 1, 2,..., pd-’ + p - 1 where J= J(FG), J=J(FD) and t(Pj) is the 
least integer m > 1 such that PiJm = 0. 
We use the following notation and terminology. Throughout this paper we 
fix an algebraically closed field F of characteristic p > 0, all groups are finite 
groups, all modules are finitely generated right modules, and we always 
denote by G a finite group. For a ring R and an integer n > 1, let us denote 
by Mat(n, R) the full matrix ring of degree n over R. Following [ 12, Sect. 2] 
we call B H e a block of FG if e is a centrally primitive idempotent of FG 
such that B = FGe, and in this case we call B a block ideal of FG. We write 
B,,(G) for the principal block idea1 of FG. For a block ideal B of FG let us 
denote by 6(B) a defect group of B. When H a G and b ++ f is a block of 
FH, we write T,(b) or 7’,(f) for the inertia1 group of b H f in G, that is to 
say, T,(b)=T,(f)=(xEGIx~‘jI~=f}. If HaG and if B and b are 
block ideals of FG and FH, respectively, then we say that B covers b in the 
sense of [2, V, p. 2641 (cf. [ 12, Sect. 61). For integers n > 1 and k > 0 we 
write v,(n) = k if pk 1 n and pk+‘ljn. When M, is an R-module, we write 
End(M,) for the ring of all R-module-endomorphisms of M,. We write Z(G) 
and Q(G) for the center and the Frattini subgroup of G, respectively. For an 
F-vector space V we denote by dim, V the F-dimension of V. For two sets X 
and Y we write X< Y if X is contained in Y. Further nctation and 
terminology follow the books of Dornhoff [ 1 ] and Gorenstein [ 71. 
To begin with we state several lemmas which are useful for our aim. The 
first two lemmas are due to Fong [ 31. 
LEMMA 1. Let H a G, let b H f be a block of FH, and let T = T,(b). If 
ig , ,***, g,} is a transversal of T in G and if e = C:_, g,: ‘fgi, then we have 
the following: 
(1) f is a central idempotent of FT. 
(2) e is a central idempotent of FG. 
(3) FGf is a free right FTf-module of rank t. 
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(4) End(FGj&) z Mat(t. FTf) as F-algebras. 
(5) For each x E FGe and J E FGf, define 4(x) E End(FGfFrf) by 
[g(?c) I()‘) = XY. Then 4: FGe + End(FGf-,/) is an F-algebra-isomorphism. 
(6) Let B, H e’, ,..., B, ++ Cm be blocks of FT such that f = Ci”_, I?~, and 
let B , - e, ,..., B, tf e, be blocks of FG such that e = Liz=, ek. Then 
(i) m=n,B ,,..., B,,, are all block ideals of FT which couer b, and 
B , . . . . . B, are all block ideals of FG which cotter b. 
For suitable indexing of gj and Bi, we get for each j = I,..., m that 
(ii) Bj z Mat(t, gj) as F-algebras. 
(iii) Zjej = ejci = Cj. 
(iv) Bj” = Bj. 
(v) 6(B,) ” S(Bj). 
(vi) If C? is a simple FT-module in Bj, then 9” is a simple FG-module 
in B,i, where 9” = .!?@,, FG. 
Proof Because (1 j(5) are easy, we omit their proofs. 
(6) By [2. V (3.3)] (cf. [12, Sect. 6]), B ,,..., B, are all block ideals of FG 
which cover b. Similarly, B, ,..., B,,, are all block ideals of FT which cover b. 
Then m = n by 12, V (2.5)]. S’ mce FGe = @j”= , FGej and FTf = @i”_ , FTCj, 
by making use of (4) and (5) for suitable indexing of ei and fi we get the F- 
algebra-isomorphisms 
FGej A End((FGZj),rCj) 
2 
- Mat(t, FTC,) 
W W 
.Y - [(j(x): 4’ t, xy] 
for each j = I,..., m. Let us fix any j. Since ej is the unit element of the ring 
FGe.i. #(ej) is the identity map of FGCj. This implies that Cjej = ejCi = I!~. Let 
2 be a minimal right ideal of Bi = FTcj. Then 
S”ei = SFGe, = sCjFGej = ,@pjFG = $FG = SFG = L?“. 
Thus 3” < FGej = Bj. Hence the correspondence ci H Bi is the same as that 
of 12, V (2.5)1. So (6) is proved by 12, V, (2.5)]. 
LEMMA 2. Let H a G such that p Cl HI, and let b be a block ideal of FH 
col!ered 617 a block ideal B of FG. If T,(b) = G, then there are a finite group 
G’ and an exact sequence 
I-Z-GAG-l, 
which satisfy the following: 
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(I) Ziscycfic,Z~Z(~)andIZI( (HI’. 
(2) G’ has a normal subgroup l!i such that I? z H and ZI? = Z x I? = 
f -‘VO 
(3) F(G/d) has a block ideal B* such that t(B)= t(B*). 
Proof: See 12. X (1.1) and (1.2)], 120, Sect. 1 ]. and [ 18, Theorem 2] 
(cf. 131). 
LEMMA 3. Assume as in Lemma 2. Furthermore, let H = O,,(G) and 
X = C?jl? where G’ and fi are the same as in Lemma 2. Then X has a normal 
p-subgroup U such that O,.,,(X) = O,,(X) x U. 
Proof: Since f is epimorphic and f-‘(H) = Z x I? by Lemma 2, 
O,,(c) = Z x I?. Let M = O,(X). Then M< Z(X), since Z < Z(G) by 
Lemma 2. Let L = O,,.,(X), and let U be a Sylow p-subgroup of L. Then 
L = MU = M x U. since M Q Z(X). Hence, U a X. 
The next seven lemmas are concerned with the index t(G). 
LEMMA 4. Let H a G. Then 
(1) IfpjlG:HI, then t(G)= t(H). 
(2) If 1 HI = pm, then pm . t(G/H) > t(G). 
(3) If G/H is p-solvable, v,(JG:HI) = n and t(G) > pr for an integer 
r > II. then t(H) > p’-“. 
Proof (I) Clear by 114, Proposition 1.5 and Lemma 1.21. 
(2) This follows from [ 19, Lemma 2.3(l) and Theorem 2.41. 
(3) By [ 14, Theorem 1.6 and Lemma 1.21, J(FG)P” ,<J(FH) . FG = 
FG . J(FH). Thus we have 
0 # J(FG)Pr < (J(FH) . FGJP’+” = J(FH)p’-” . FG. 
Hence. J(FH)“‘-” # 0, so that f(H) > p’-“. 
LEMMA 5. If G is a p-solvable group of p-length 1 with a Syfow p- 
subgroup P, then t(G) = t(P) = t(B,(G)). 
Proof: For a p-group Q and its subgroup R, J(FR) <J(FQ) by [9, 
Theorem 1.21, so that t(R) < t(Q). Hence, t(G) = t(P) = t(B,(G)) by [ 15, 
(5.1) Hauptsatz (b)]. 
LEMMA 6. If G is a p-solcable group of p-length 1 with I),,(/ G() = r > 1 
and ft(G) > pr-‘, then G has an element of order p’-‘. 
Proof. This follows from Lemma 5 and [ 11, Lemma 1.51. 
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Following 17 1 we define M(p) and M,(p) by 
M(p)=(a,b.cl lal=lbl=(c/=p.a~-‘ba=bc, 
a -‘~a = c, b-‘cb = c> for p>3, 
M,(p) = (a, bl Ial = p. Ibl= p’-‘, a-‘bu = b”‘), 
where m = pr ’ + 1, for r>4 ifp=2; and for r>3 ifp>3 (cf. 17,~. 203 
and p. 1901). 
LEMMA 7. Assume that p > 5 and that G is a p-solvable group with a 
Sylow p-subgroup P such that P z M(p). Then G has p-length 1 and t(G) = 
t(P) = t@,(G)) = 4p - 3. 
Proof By Lemma 5 and [ 11. Lemma 1.41, it is enough to show that G 
has p-length 1. We can assume P = M(p) = (a, 6, c) where a, b, c are the 
same as the above. Then (a, c) and (6, c) are both abelian normal subgroups 
of P. Since p > 5, we get from (7. Theorem 6.5.2 ] that P < O,..,(G). This 
implies that G has p-length 1. 
Remark 1. In Lemma 7, G has not p-length I for p = 3 in general. 
Indeed, let G = Qd(3) (cf. 16, p. 321). Then the Sylow 3-subgroups of G are 
isomorphic to M(3) from 16, Example 11.41 and [7, Theorem 5.5.11, and we 
easily know that G has 3-length 2. 
When p > 3, we say that G is p-stable in the sense of [S, Definition 2.31 
(cf. 17, p. 2691). 
LEMMA 8. Let G be u p-solvable group with a Sylow p-subgroup P such 
that P is isomorphic to either an ubelian group of type (pr- ‘, p) for r > 2, or 
M,(p) for r > 4 ifp = 2: and for r > 3 fp > 3. Then G has p-length 1 and 
t(G) = t(P) = t(B,(G)) = pr-’ + p - 1. 
ProoJ By Lemma 5 and Ill. Theorem 1.61, it suffices to show that G 
has p-length 1. If P is abelian, then G has p-length 1 by [7, Theorem 6.3.31. 
Hence we may assume P = M,(p). If p = 2, then G is 2-nilpotent from 
Wang’s theorem (8, IV 3.5 Satz]. Thus we may assume p > 3. We can 
assume O,,(G) = 1. so that O,(G) # 1 since G is p-solvable. 
Assume that G is not p-stable. Then by [5, Lemma 6.31, G has subgroups 
X and Y such that Y Q X and X/Y? Qd(p) (see (5, p. 11041 and [6, 
p. 321). Let 0 be a Sylow p-subgroup of X/Y. Then 0 is metacyclic since P 
is metacyclic. On the other hand, 0 z M(p) by [6, Example 11.41 and [ 7, 
Theorem 5.5.1 I. This is a contradiction. 
Therefore G is p-stable. We can write P = M,(p) = (a, bl la ( = p. 
Ibl= pr-‘, a -‘bu = b”). where m = p’-’ + I. Since bp E Z(P), (a, bp j is 
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abelian of type (p, pr-‘), so that (a, bp) a P. Clearly (b) 4 P. Thus 
P< O,,.,(G) from [7, Theorem 8.1.31. Hence G has p-length 1. 
LEMMA 9. Let p > 3, and let G be a p-solvable group with a Sylow p- 
subgroup P of order p” for r > 1. Furthermore, assume that G has an element 
of order p’-‘. Then G has p-length 1 and t(G) = t(P) = t(B,(G)). 
Proof. By Lemma 5. it suffices to show that G has p-length 1. By [7, 
Theorem 6.3.3 J, we may assume that P is nonabelian. Hence P z M,.(p) by 
[ 7. Theorem 5.4.41, so that G has p-length 1 from Lemma 8. 
Remark 2. For p = 2, Lemma 9 does not hold in general (see [ 11, 
p. 144 Remark I I). 
The following lemma is the most important in this paper. It is a 
generalization of [ 11, Lemma 1.51 for p > 5. 
LEMMA 10. Let p > 5, and let G be a p-solvable group such that 
v,(lGI) = r> 1. Furthermore, assume that t(G) > p’-‘. Then G has an 
element of order prm ‘. 
Prooj Let P be a Sylow p-subgroup of G. We prove the lemma by 
induction on 1 G (. By Lemma 6, we may assume that 
G has p-length > 2. 
Then P is nonabelian by [7, Theorem 6.3.31, so that r > 3. 
(*) 
Assume first r = 3. Then P 2 M,(p) or M(p) from [7, Theorem 5.5.11. 
Hence, G has p-length 1 by Lemmas 7 and 8, and this contradicts (*). 
Thus, r > 4. There is a block ideal B of FG such that t(B) > p’-‘. Let 
H = O,,(G). Then there is a block ideal d of FH covered by B. Let 
T = T,(g). Ey Lemma l(6), FT has a block ideal B’ such that B g Mat(t, 8) 
as F-algebras for an integer t > 1. Hence, t(T) > pr-‘. If G # T, then T has 
an element of order pr-’ by induction. Thus, we may assume G = T. Then it 
follows from Lemmas 2 and 3 that there are a finite group G, ap’-subgroup 
Z of G, and a normal p’-subgroup H of c such that Z < Z(G), G/Z? G, 
fi z H, O,,.,(X) = O,,(X) X U for a normal p-subgroup U of X, and FX has 
a block ideal B* with t(B) = t(B*) where X = c/l?. Let L = O,,,,(G). 
Obviously, X is p-solvable, t(X) > p’-’ and the Sylow p-subgroups of X are 
isomorphic to P. Hence, we may assume L = H x S for a normal p-subgroup 
S of G. If G has a proper normal subgroup of index prime top, then G has 
an element of order p’- ’ by Lemma 4( 1) and induction, so that G has p- 
length 1 from Lemma 9 and this contradicts (*). Hence, G has a normal 
subgroup M such that ) G :Ml = p since G is p-solvable. Let Q be a Sylow p- 
subgroup of M. By Lemma 4(3), t(M) > pr-*, so that Q has an element of 
order p’-* by induction. Since 1 Q 1 = pr- ‘, Q is noncyclic by Lemma 9 and 
140 SHIGEO KOSHITANI 
(*). Hence, Q~kf_,(p) or Q is abelian of type (p’-‘,p) from 17, 
Theorem 54.41. Clearly H = O,(M), so that O,.~,(M) <L. By Lemma 9, M 
has p-length 1, so that Q <L. Let R = O,(G). Then Q < S < R. Since 
]Q] = pr-‘, Q = S = R from (*). This implies that 
R z M,-,(p), or R is abelian of type (p+‘, p). (**I 
Assume that G has minimal normal p-subgroups V and W such that 
Vf 1, Wf 1 and Vf W. Let 1 I’= ps for an integer s > 1. By Lemma 4(2) 
and induction, G/V has an element of order p’-‘- ‘. Thus, G/V has p-length 
1 by Lemma 9. Similarly, G/W has p-length 1. Hence, G/V x G/W has p- 
length 1 by [8, VI 6.4 Hilfssatz (c)l. On the other hand, vn W = 1 by the 
minimalities of I’ and W. Hence, G is isomorphic to a subgroup of 
G/V x G/W. so that G has p-length 1 from [S, VI 6.4 Hilfssatz (b)]. This 
contradicts (*). 
Therefore, G has the unique minimal normal p-subgroup C # 1. Since 
0(C) # C, @(C) = 1 by the minimality of C. Hence, C is elementary abelian 
from [ 7. Theorem 5.1.31. 
If R z Al,-,(p), then Q(R) is cyclic and O(R) # 1 by [7, 
Theorem 5.4.3(i)(b)]. If R is abelian of type (prmz, p), then Q(R) is cyclic 
and Q(R) # 1 by [ 7, Theorem 5.1.3 ] since r 2 4. Thus, we get from (* *) 
that @(R) is cyclic and Q(R) # I. Hence, C < Q(R) by the minimality of C, 
so that C is cyclic. 
Thus, C is cyclic of order p. By Lemma 4(2) and induction, G/C has an 
element of order p’-I. Since ]P/C] = pr- ‘, it follows from Lemma 9 and (*) 
that P/C is noncyclic. Hence, P/C z M,- ,(p) or P/C is abelian of type 
( prmz, p) from [ 7, Theorem 5.4.41. Then we can write P/C = (UC, bCI 
laCl=p, lbCl=p’-*, b-fu-‘baEC) for some a,bEP wheref=l or 
P rm’ + 1. By Lemma 9 and (*), 1 bl = p’-‘. Then bP E Z(P) since C < Z(P) 
and I C] = p. Clearly, ICI] = p or p*. 
Case 1. I a I = p: Let C = (c) for some c E P. Then (bP, a, c) is abelian 
of type (p’-’ , p, p), so that (bp, a, c) a P. Hence, it follows from [7, 
Theorem 6.5.21 that (bP, a, c) < L. Thus, (b”, a, c) <R, since L = H X R. 
This means that R has a non-metacyclic subgroup since r > 4. Then we have 
a contradiction from (**). 
Case 2. ]a( = p’: Since up E Z(P), (6, up) is abelian of type (prm2, p), 
so that (6. a”) <L by (7, Theorem 6.5.21. Similarly, (bp, a) < L. Then 
P < L, and this contradicts (*). This completes the proof of the lemma. 
Now, we are ready to prove our main result of this paper. It is a 
generalization of our previous result [ 11, Theorem 1.61 for p 2 5. 
THEOREM. Let p > 5, let G be a finite p-solvable group, and let P be u 
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Sylow p-subgroup of G of order p’ for r > 2. Then the following are 
equivalent: 
(1) t(G)=p’-‘+p- 1. 
(2) t@,(G)) = p’-’ + p - 1. 
(3) pr-’ < t(G) < pr. 
(4) G has p-length 1, and P is isomorphic to either an abelian group of 
type (p’- ‘, p) or M,(p) for r > 3. 
(5) f(P)=p’-’ +p- 1. 
(6) p’-’ < t(P) < pr. 
(7) P is noncyclic but has a cyclic subgroup of index p. 
(8) P is isomorphic to either an abelian group of type (pr-‘, p) or 
M,( p)for r > 3. 
Proof (5) 0 (6)o (7)o (8) are verified by [ll, Theorem 1.61. 
(4) o (8) is proved by Lemma 9. (4) + (1) and (4) + (2) are proved from 
Lemma 8. (1) 2 (3) is trivial. (3) 3 (7) follows from [ 10, Theorem 41 and 
Lemma 10. Hence, it suffices to show (2) = (3). 
(2) 3 (3): Clearly r(G) > p’-‘. Assume f(G) > pr. Then t(G) = pr by [ 16, 
Theorem 21. Hence, P is cyclic from [ 17, Theorem 1 l] or [ 10, Theorem 4). 
Thus, G has p-length 1 by [ 7, Theorem 6.3.31, so that f(G) = t(B,(G)) by 
Lemma 5. Hence, t(B,(G)) = pr, a contradiction. This completes the proof 
of the theorem. 
Remark 3. In Theorem (1) o (7) does not hold in general for p = 2 (cf. 
[ 11, p. 144 Remark 11). 
Remark 4. In the case where Theorem holds we know the structure of 
FG pretty well by the result of Schwarz [ 151 since G has p-length 1. 
The following proposition has been essentially proved by Tsushima ([ 161, 
[ 171) and me [lo]. 
PROPOSITION. Let G be a finite p-solvable group, and let B be a block 
ideal of FG with defect group D such that 1 D I= pd. Then 
(1) t(B),< pd. 
(2) f(B) = pd if and only if D is cyclic. 
Proof: Let H = O,,(G), let b be a block ideal of FH covered by B, and 
let T = T,(b). By Lemma l(6), FT has a block ideal B’ such that 
B z Mat(t, g) as F-algebras for an integer I > 1, and 6(g) z D. (*) 
(1) We prove the assertion by induction on 1 G (. If G = D, then it is 
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proved by the result of Jennings [ 19, Lemma 2,3(l)]. By (*) and induction, 
we may assume G = T. Then it follows from [4, Lemma (lD)] that B is the 
unique block ideal of FG which covers b. Hence, D is a Sylow p-subgroup of 
G by [ 12, Theorem 6.1 l(e)] (cf. [4, p. 486)). Thus t(B) < t(G) < pd by [ 16, 
Theorem 2 1. 
(2) We use induction on / G1 again. If G = D, then it is proved by [ 10, 
Theorem 41. By (*) and induction, we can assume G = T. Then D is a 
Sylow p-subgroup of G and t(B) < l(G) < pd from the proof of (1). 
Assume first t(B) = pd. Then, t(G) = pd, so that D is cyclic by [ 17, 
Theorem I1 1 or [ 10, Theorem 4 I. 
Conversely, assume that D is cyclic. Then G has p-length 1 by [7, 
Theorem 6.3.3 1. Hence, it follows from [ 13, Theorems 8 and l] that FG is a 
Nakayama algebra (i.e., a generalized uniserial algebra). Thus, B is also a 
Nakayama algebra, so that t(B) = pd by [ 10, Theorem 31. This completes 
the proof of the proposition. 
As an immediate consequence of the Theorem (Lemma 10) and the 
Proposition we get the following. 
COROLLARY. Let p > 5, let G be a finite p-solvable group, and let B be a 
block ideal of FG with defect group D such that 1 D I = pd for d > 2. Then the 
following are equivalent: 
(1) t(B)=p”-‘+p- 1. 
(2) p”-’ < t(B) < pd. 
(3) t(D)=p”-‘+p- 1. 
(4) pd-’ < t(D) < pd. 
(5 ) D is noncyclic but has a cyclic subgroup of index p. 
(6) D is isomorphic to either an abelian group of type (pdm ‘, p) or 
M,(p) for d > 3. 
Moreover, if one of (l)-(6) holds, then for any projective indecomposable 
FG-module Pi in B we have 
((Pi) = t(B) = pd-’ + p - 1 
and 
dim,(P,J” ‘/P,J”) = d, . dim,(Pi/PiJ) 
for n = 1. 2...., pd-’ + p - I where J = J(FG), ((Pi) is the Loewy length of 
Pi, that is to say, ((Pi) is the least integer t > 1 such that PiJ’ = 0, and 
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d, = n for n = 1, 2,..., p - 1 
=P for n = p, p + l,..., pd-’ 
=P dm’+p--n for n=pd~‘+l,pd~‘+2 ,..., pd.-‘+p-1. 
ProoJ (3) o (4) o (5) o (6) are verified from [ 11, Theorem 1.61. We 
prove (1) o (2) o (5) by induction on /Cl. As in the proof of the 
Proposition we may assume that D is a Sylow p-subgroup of G by induction. 
(1) * (2) is trivial. Since r(B) < I(G), (2) + (5) follows from the 
Proposition (2) and Lemma 10. Assume that (5) holds. Then G has p-length 
1 and t(G) = f(D) = pdP’ + p - 1 from the Theorem. Hence, t(B) = t(D) by 
[ 15, (5.1) Hauptsatz (b)], so that we have (1). 
We prove the latter part of the corollary by induction on 1 G I. Assume that 
(l)-(6) hold. By (6), we can write D = (a, 61 Ial = p, jbl= pdP’, 
a-‘ba = 6”) where m = 1 or pd-’ + 1. Let x = a - 1 and 4’ = b - 1 in FD. 
Then it follows from the proof of [ 11, Theorem 1.21 that for each integer 
n > 0 the set 
(xSy’ I s = 0, l,..., p - 1; t = 0, l’..., pd-’ - 1; s + t > n) 
is an F-basis of J(FD)“. Thus, dim,{J(FD)“-‘/J(FD)“} = d, for each n = 
1,2...., pd- ’ + p - 1. As in the proof of the Proposition we may assume that 
D is a Sylow p-subgroup of G by induction. Hence, we get from the Theorem 
that G has p-length 1. Thus, the assertion is proved from [ 15, (5.1) 
Hauptsatz (b)]. 
Finally, we give the following question: 
Question: For p = 3 does the Theorem (Corollary) hold? 
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